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DISCRETE TOPOLOGICAL COMPLEXITY
D. FERNA´NDEZ-TERNERO, E. MACI´AS-VIRGO´S, E. MINUZ, AND J.A. VILCHES
Abstract. We introduce a notion of discrete topological complexity in
the setting of simplicial complexes, using only the combinatorial struc-
ture of the complex by means of the concept of contiguous simplicial
maps. We study the links of this new invariant with those of simplicial
and topological LS-category.
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1. Introduction
Topological complexity, introduced by Farber [3], is a topological invariant
defined to solve problems in robotics such as motion planning. For this
purpose one needs an algorithm that, for each pair of points of the so-called
configuration space of a mechanical or physical device, computes a path
connecting them, in a continuous way. The key idea was to interpret that
algorithm in terms of a section of the so-called path-fibration, which is a
well-known map in algebraic topology.
The aim of the present paper is to establish a discrete version of this ap-
proach. This is interesting because many motion planning methods trans-
form a continuous problem into a discrete one. Finite simplicial complexes
are the proper setting to develop a discrete version of topology. The main
technical point is to avoid the construction of a path-space PK associated
to the simplicial complex K. To do so, we use a different but equivalent
characterization of topological complexity, as explained in Section 2.
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In Section 3 we prove that the new invariant TC(K) only depends on
the strong homotopy type of K, as defined by Barmak and Minian [2]. In
Section 4 we compare this new invariant with the simplicial LS-category of
K, defined by us in two previous papers [5, 6], thus giving a simplicial version
of Farber’s well known results [3]. Finally, in Section 5, TC(K) is compared
with the topological complexity TC(|K|) of the geometric realization of the
complex K.
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2. Preliminaries
2.1. Topological complexity. We include here some motivational remarks.
Farber’s topological complexity [3, 4] is a particular case of the Sˇvarc
genus or sectional category of a map [1, 11].
Definition 2.1. The Sˇvarc genus secat(f) of a map f : X → Y is the
minimum integer number n ≥ 0 such that the codomain Y can be covered
by open sets V0, . . . , Vn with the property that over each Vj there exists
a local section sj of f (that is, a continuous map sj : Vj → X such that
f ◦ sj = ιj , where ιj : Vj ⊂ Y is the inclusion).
Definition 2.2. The topological complexity of a topological space X is
TC(X) = secat(pi), where pi : PX → X × X is the so-called path fibra-
tion, that is, the map sending an arbitrary path γ : [0, 1]→ X into the pair
(γ(0), γ(1)) formed by the initial and the final points of the path.
Remark 1. It is common in algebraic topology to consider a normalized
version of concepts such as Sˇvarc genus, topological complexity and LS-
category catX is often used, as in [1], in such a way that contractible spaces
have category zero. This is the convention we followed in our papers [5,
6] and we will maintain it here. However, sometimes a non-normalized
definition (which is equivalent to catX + 1) can be used in some papers, as
Farber did in [3].
An important result is that for some topological spaces (including the geo-
metric realization of any finite simplicial complex) the topological complex-
ity can be computed by taking closed subspaces instead of open subspaces.
This is discussed in [4, Chapter 4].
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Now we proceed to modify the definition of sectional category .
Definition 2.3. The homotopic Sˇvarc genus of the map f : X → Y , denoted
by hsecat(f), is the minimum integer number n ≥ 0 such that there exists
an open covering of the codomain Y = V0 ∪ · · · ∪ Vn, with the property that
for each Vj there exists a local homotopic section sj , that is, a continuous
map sj : Vj → X such that there is a homotopy f ◦sj ' ιj , where ιj : Vj ⊂ Y
is the inclusion.
Clearly hsecat(f) ≤ secat(f). For a particular class of maps both invari-
ants coincide.
Proposition 2.4. If pi : X → Y is a fibration (that is, a map with the
homotopy lifting property) then hsecat(pi) = secat(pi). In particular this is
true for the path fibration pi : PX → X ×X.
Now, it is well known that any map factors, up to homotopy equivalence,
through a fibration. We will apply it to the particular case of the diagonal
map ∆X : X → X ×X.
Proposition 2.5. There is a homotopy equivalence X ' PX such that the
diagram in Figure 2.1 commutes up to homotopy (the maps are c(x) = x,
the constant path, and α(γ) = γ(0), the initial point).
X
c //
∆X $$
PX
pi

α
oo
X ×X
Figure 2.1.
Corollary 2.6. The maps pi and ∆X have the same homotopic Sˇvarc genus,
and both coincide with the topological complexity of X,
hsecat(∆X) = hsecat(pi) = secat(pi) = TC(X).
Proposition 2.7. Let U ⊂ X ×X be an open subset. The following condi-
tions are equivalent.
(1) There is a section sU : U → PX of the path fibration pi;
(2) the restrictions to U of the projections p1, p2 : X ×X → X are ho-
motopic maps;
(3) either p1|U or p2|U is a section (up to homotopy) of the diagonal map
∆X : X → X ×X.
2.2. Simplicial complexes. We refer the reader to Kozlov’s book [9] for
a modern survey of simplicial complexes and to Spanier’s book [10], as well
as to our paper [5], for the classical notions of simplicial maps, simplicial
approximation and contiguity.
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Let K be a finite abstract simplicial complex. Let K2 = K ΠK be the
categorical product as defined in [9, Definition 4.25]. The set of vertices
V (K2) is V (K) × V (K), and the simplices of K2 are defined by the rule
σ ∈ K2 if and only if pi1(σ) and pi2(σ) belong to K, where pi1, pi2 are the
projections from K2 into K.
Let ϕ : K → L be a simplicial map, and define ϕ2 = ϕΠϕ : K2 → L2 by
ϕ2(v, w) = (ϕ(v), ϕ(w)).
A very important property for our purposes is:
Proposition 2.8. If ϕ,ψ : K → L are simplicial maps in the same conti-
guity class (denoted by ϕ ∼ ψ), then ϕ2 ∼ ψ2.
Proof. Being in the same contiguity class, ϕ ∼ ψ, means that there is a
sequence of simplicial maps hi : K → L, i = 1, . . . ,m, such that h0 = ϕ,
hm = ψ, and the maps hi and hi+1 are contiguous (denoted hi ∼c hi+1),
so we can assume without loss of generality that ϕ ∼c ψ. By definition it
means that for each simplex σ ∈ K the union of vertices ϕ(σ) ∪ ψ(σ) is a
simplex of L.
Let σ = {(v1, w1), . . . , (vn, wn)} be a simplex in K2. By definition, that
means that pi1(σ) = {v1, . . . , vn} and pi2(σ) = {w1, . . . , wn} are simplices of
K. Then
ϕ(pi1(σ)) ∪ ψ(pi1(σ)) = {ϕ(v1), . . . , ϕ(vn), ψ(v1), . . . , ψ(vn)}
belongs to L. Analogously ϕ(pi2(σ))∪ψ(pi2(σ)) ∈ L. This is enough to prove
that ϕ2(σ) ∪ ψ2(σ) ∈ L2. 
Remark 2. There is another notion of simplicial product, the so-called direct
product K×K where it is necessary to fix an order on V (K). The difference
with K ΠK is that the geometric realization |K ×K| is homeomorphic to
|K|×|K|, while |K ΠK| has only the homotopy type of the latter. However,
Proposition 2.8 would only be true for the direct product if the maps ϕ,ψ
preserve the order.
Remark 3. Recently, Gonza´lez [8] introduced a combinatorial version SC(K)
of the topological complexity which is based on a simplicial analog of part
(2) of Proposition 2.7. However, his notion is based on the direct product
K × K and it seems not easy to compare it with our notion of simplicial
complexity.
3. Discrete topological complexity
In Section 2.1 we have explained the reason of the following definitions,
which avoid the need of a simplicial version PK of the path space.
3.1. Farber subcomplexes. Let Ω ⊂ K2 be a simplicial subcomplex of
the product K2 = K ΠK and let ιΩ : Ω ⊂ K2 be the inclusion map.
Let ∆: K → K2 be the diagonal map ∆(v) = (v, v).
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Definition 3.1. We say that Ω ⊂ K2 is a Farber subcomplex if there exists
a simplicial map σ : Ω ⊂ K2 → K such that ∆ ◦ σ ∼ ιΩ.
The map σ will be called a local homotopic section of the diagonal, where
“homotopic” must be understood in the sense of belonging to the same
contiguity class.
Definition 3.2. The discrete topological complexity TC(K) of the simplicial
complex K is the least integer n ≥ 0 such that K2 can be covered by n+ 1
Farber subcomplexes.
In other words, TC(K) ≤ n if and only if K2 = Ω0 ∪ · · · ∪ Ωn, and there
exist simplicial maps σj : Ωj → K such that ∆◦σj ∼ ιj , where ιj : Ωj ⊂ K2,
for j = 0, . . . , n, are inclusions.
Sometimes we shall call TC(K) the simplicial complexity of K (not to
be confused with the notion SC(K) defined by Gonza´lez in [8]). Notice
that TC(K) is defined in purely combinatorial terms, involving neither the
geometric realization |K| of the complex, nor the notion of topological ho-
motopy, nor that of simplicial approximation.
3.2. Motion planning. Farber’s complexity is a topological invariant in-
troduced to solve problems in robotics such as motion planning [4]. In this
section we explain how our notion of discrete topological complexity is re-
lated to the motion planning problem on a simplicial complex.
Let Ω ⊂ K2 be a Farber simplicial subcomplex and let σ : Ω → K be
the associated section (up to contiguity) of the diagonal, that is, such that
∆ ◦ σ ∼ ιΩ. Then for each pair of points x, y ∈ K such that (x, y) ∈ Ω, the
point σ(x, y) is an intermediate point between x and y in the following sense:
consider the sequence of contiguous maps h0 ∼c · · · ∼c hj ∼c · · · ∼c hm
connecting ∆ ◦ σ and ιΩ. Denote hj(x, y) = (xj , yj). Then xm = x, ym = y
and x0 = σ(x, y) = y0. That means that we have a sequence of points
(1) x = xm, . . . , x0 = σ(x, y) = y0, . . . , ym = y.
Moreover, contiguity implies that two consecutive points in the above se-
quence belong to the same simplex: in fact, since hj ∼c hj+1, the points
hj(x, y) = (xj , yj) and hj+1(x, y) = (xj+1, yj+1) generate a simplex of K
2
(that is, they are either equal or the vertices of an edge). By definition of
the product K2, this means that the points xj and xj+1 (resp. yj and yj+1)
generate a simplex of K. Hence the sequence (1) gives an edge-path on K
connecting the points x and y.
3.3. Invariance. Recall from [2] that two simplicial complexes K,L have
the same “strong homotopy type”, K ∼ L, if there is a sequence of elemen-
tary strong collapses and expansions connecting them. This is equivalent
to the existence of simplicial maps ϕ : K → L and ψ : L → K such that
ϕ ◦ ψ ∼ 1L and ψ ◦ ϕ ∼ 1K (we recall that ∼ means “being in the same
contiguity class”).
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Theorem 3.3. The discrete topological complexity is an invariant of the
strong homotopy type. That is, K ∼ L implies TC(K) = TC(L).
Proof. From Prop. 2.8 we have
ϕ2 ◦ ψ2 = (ϕ ◦ ψ)2 ∼ (1L)2 = 1L2
and analogously ψ2 ◦ϕ2 ∼ 1K2 , so we have K2 ∼ L2. Moreover the diagram
in Figure 3.1 verifies ∆L ◦ ϕ = ϕ2 ◦∆K and ∆k ◦ ψ = ψ2 ◦∆L.
K
ϕ //
∆K

L
∆L

ψ
oo
Ω
σ
??
  // K2
ϕ2 //
L2
ψ2
oo Λ?
_oo
λ
``
Figure 3.1.
Now let Ω ⊂ K2 be a Farber subcomplex of K2, that is, there exists a
simplicial map σ : Ω → K such that ∆K ◦ σ ∼ ιΩ. Then the inverse image
Λ = (ψ2)−1(Ω) ⊂ L2 is a Farber subcomplex of L2, because (see Figure 3.1)
the map
λ = ϕ ◦ σ ◦ ψ2|Λ : Λ ⊂ L2 → L
verifies
∆L ◦ λ =∆L ◦ ϕ ◦ σ ◦ ψ2 ◦ ιΛ
=ϕ2 ◦∆K ◦ σ ◦ ψ2 ◦ ιΛ ∼ ϕ2 ◦ ιΩ ◦ ψ2 ◦ ιΛ
=(ϕ2 ◦ ψ2)|Λ ∼ 1L2 ◦ ιΛ
=ιΛ.
Let TC(K) ≤ n, that is, there exists a covering K = Ω0 ∪ · · ·Ωn where
Ωj , j = 0, . . . , n, are Farber subcomplexes. Then the corresponding Λj =
(ψ2)−1(Ωj), j = 0, . . . , n, form a Faber covering of L2, hence TC(L) ≤ n.
The other inequality is proved in the same way. 
We have the following characterization of Farber subcomplexes, which is
the simplicial version of Proposition 2.7.
Theorem 3.4. Let Ω ⊂ K2 be a subcomplex of the categorical product. The
following conditions are equivalent:
(1) Ω is a Farber subcomplex.
(2) the restrictions to Ω of the projections are in the same contiguity
class, that is, (pi1)|Ω ∼ (pi2)|Ω.
(3) Either (pi1)|Ω or (pi2)|Ω is a section (up to contiguity) of the diagonal
∆: K → K2.
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Proof.
1⇒ 2) If Ω ⊂ K2 is a Farber subcomplex, then there exists σ : Ω→ K such
that ∆◦σ ∼ ιΩ. But ∆◦σ is the map (σ, σ) defined by ω ∈ Ω 7→ (σ(ω), σ(ω)).
On the other hand ιΩ = (pi1 ◦ ιΩ, pi2 ◦ ιΩ). Then
(σ, σ) ∼ (pi1 ◦ ιΩ, pi2 ◦ ιΩ)
which implies, by composing with the projections, that
(pi1)|Ω = pi1 ◦ ιΩ ∼ σ ∼ pi2 ◦ ιΩ = (pi2)|Ω.
2⇒ 3) If (pi1)|Ω ∼ (pi2)|Ω, define σ : Ω → K by σ = (pi1)|Ω. Then ιΩ(x, y) =
(x, y), for (x, y) ∈ Ω, while (∆ ◦ σ)(x, y) = (x, x). We have by hypothesis
ιΩ = ((pi1)|Ω, (pi2)|Ω) ∼ ((pi1)|Ω, (pi1)|Ω) = ∆ ◦ σ.
3⇒ 1) If σ = (pii)|Ω verifies ∆ ◦ σ ∼ ιΩ, then Ω is a Farber subcomplex, by
definition. 
4. Relationship with simplicial LS-category
One of Farber’s main results for topological complexity relates it to a
well known classical invariant, the Lusternik-Schnirelmann category [1]. In
this section we get analogous results for the discrete setting, by using the
simplicial LS-category of a simplicial complex introduced by the authors in
[5, 6].
4.1. Comparison with the category of K.
Definition 4.1. Let K be an abstract simplicial complex. A subcomplex
L ⊂ K is categorical if the inclusion ιL : L ⊂ K belongs to the contiguity
class of some constant map L → K, that is, ιL ∼ ∗. The (normalized)
simplicial LS-category scatK of the simplicial complex K is the minimum
number m ≥ 0 such that there are categorical subcomplexes L0, . . . , Lm
which cover K, that is, K = L0 ∪ · · · ∪ Lm.
Remark 4. As explained in [5], a categorical subcomplex may not be strongly
collapsible in itself, but it must be in the ambient complex. Equivalently, it
is the inclusion ιL, and not the identity 1L, which belongs to the contiguity
class of a constant map.
The first inequality proved by Farber directly compares the topological
complexity TC(X) of a space with the LS-category catX. We shall prove
that this result also holds in the discrete setting.
Theorem 4.2. For any abstract simplicial complex we have
scatK ≤ TC(K).
Proof. If TC(K) ≤ n, let K2 = Ω0 ∪ · · · ∪ Ωn be a covering by Farber
subcomplexes. Fix a base point v0 ∈ K and let i0 : K → K2 be the simplicial
map i0(w) = (v0, w). Then, let us take the inverse images
Σj = (i0)
−1(Ωj) ⊂ K, j = 0, . . . , n.
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Since K = Σ0∪· · ·∪Σn, if we prove that each Σj is a categorical subcomplex
then we can conclude that scatK ≤ n, and the result follows.
Let Ω ⊂ K2 be a Farber subcomplex, with a local section σ : Ω → K
such that ∆K ◦ σ ∼ ιΩ, and let Σ = (i0)−1(Ω) ⊂ K. We shall prove that
the inclusion ιΣ : Σ ⊂ K belongs to the contiguity class of the constant map
v0 : Σ→ K, so we shall obtain that Σ is a categorical subcomplex of K.
Since ∆K ◦ σ ∼ ιΩ, there is a sequence of contiguous maps ψi : Ω → K2,
i = 1, . . . ,m, such that
(2) ∆K ◦ σ = ψ1 ∼c · · · ∼c ψm = ιΩ.
Then, by composition,
pi1 ◦ ψ1 ◦ i0 ◦ ιΣ ∼c · · · ∼c pi1 ◦ ψm ◦ i0 ◦ ιΣ,
where, for every w ∈ Σ,
pi1 ◦ ψ1 ◦ i0 ◦ ιΣ(w) = pi1 ◦∆K ◦ σ ◦ i0(w) = σ(v0, w),
and
pi1 ◦ ψm ◦ i0 ◦ ιΣ(w) = pi1 ◦ ιΩ(v0, w) = v0.
On the other hand
(3) pi2 ◦ ψ1 ◦ i0 ◦ ιΣ ∼c · · · ∼c pi2 ◦ ψm ◦ i0 ◦ ιΣ,
where, for every w ∈ Σ,
pi2 ◦ ψm ◦ i0 ◦ ιΣ(w) = pi2 ◦ ιΩ(v0, w) = w,
and
pi2 ◦ ψ1 ◦ i0 ◦ ιΣ(w) = pi2 ◦∆K ◦ σ ◦ i0(w) = σ(v0, w).
From (2) and (3) it follows
v0 ∼ σ(v0, w) ∼ w, ∀w ∈ Σ,
or equivalently, v0 ∼ ιΣ, hence Σ is a categorical subcomplex. 
4.2. Comparison with the category of K2. The second comparison re-
sult by Farber in [3] is between TC(X) and cat(X × X). We shall prove
that it is also true in the discrete setting.
Lemma 4.3. The abstract simplicial complex K is edge-path connected if
and only if two arbitrary constant maps L → K are in the same contiguity
class.
The following theorem uses the normalized versions of LS-category and
topological complexity.
Theorem 4.4. If K is an edge-path connected complex, then
TC(K) ≤ scat(K2).
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Proof. Let scat(K ΠK) = n and let K2 = Ω0 ∪ · · ·Ωn be a categorical
covering of K2. If we are able to prove that each Ω = Ωj , j = 0, . . . , n,
is a Farber subcomplex then we will have TC(K) ≤ n, thus proving the
Theorem.
By definition the inclusion ιΩ : Ω ⊂ K2 verifies ιΩ ∼ ∗, where ∗ : Ω→ K2
is some constant map (v0, w0). Since the complex is path-connected we can
choose the point ∗ verifying w0 = v0.
By definition of contiguity class, since ιΩ ∼ ∗, there is a sequence of
simplicial maps, each one contiguous to the next one,
ιΩ = ϕ1 ∼c · · · ∼c ϕm = (v0, v0),
with ϕj : Ω → K2. Let pi1 : K2 → K the projection onto the second factor,
then each pi1 ◦ ϕj : Ω→ K is contiguous to pi1 ◦ ϕj+1. Hence
(4) pi1 ◦ ιΩ ∼ pi1 ◦ ϕm = v0.
Analogously, let pi2 : K
2 → K be the projection onto the first factor, then
(5) pi2 ◦ ιΩ ∼ pi2 ◦ ϕm = v0.
by means of the sequence pi2 ◦ ϕj .
Now, we shall verify that the map σ = (pi1)|Ω : Ω→ K verifies ∆K◦σ ∼ ιΩ,
so we conclude the proof.
Define the maps ξj : Ω→ K2, j = 1, . . . ,m, as
ξj(v, w) = (v, pi1 ◦ ϕj(v, w)).
These are simplicial maps. Moreover, it is clear that ξ1 ∼ · · · ∼ ξm.
Analogously define χj : Ω→ K2, j = 1, . . . ,m, as
χj(v, w) = (v, pi2 ◦ ϕj(v, w)).
They verify χ1 ∼ · · · ∼ χm.
Then it is immediate to check that:
i) ξ1(v, w) = (v, v), that is, ξ1 = ∆K ◦ σ;
ii) ξm(v, w) = (v, v0);
iii) χ1(v, w) = (v, w), that is χ1 = ιΩ.
iv) χm(v, w) = (v, v0).
Then, finally we get:
∆K ◦ σ = ξ1 ∼ ξm = χm ∼ χ1 = ιΩ. 
Corollary 4.5. The abstract simplicial complex K is strongly collapsible if
and only if TC(K) = 0.
Proof. By definition, K being strongly collapsible is equivalent to scatK =
0. Moreover, in [6] we proved that scatK2 + 1 ≤ (scatK + 1)2 (in fact, the
categorical product of strongly collapsible complexes is strongly collapsible).
Then TC(K) = 0. The converse is immediate from the inequality TC(K) ≥
scatK. 
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Corollary 4.6. The diagonal ∆: K → K2 admits a global homotopic sec-
tion (in the sense of contiguity, that is, there exists σ : K2 → K such that
∆K ◦ σ ∼ 1K) if and only if the complex K is strongly collapsible.
Example 4.7. Consider the complex K = ∂∆2 given by the simplices
K = {∅, {a}, {b}, {c}, {b, c}, {a, c}, {a, b}},
whose geometric realization is represented in Figure 4.1.
b c
a
Figure 4.1.
Since K is not strongly collapsible, but can be covered by two strongly
collapsible subcomplexes, it follows that scatK = 1. Moreover scatK2+1 ≤
(scatK + 1)2 = 4 [6], hence 1 ≤ TC(K) ≤ 3. Then a section σ defined in
the whole complex K2 is not possible.
It is easy to find three Farber subcomplexes covering K2, and we shall
prove now that two are not enough. Then TC(K) = 2. In fact, suppose
that K2 = Ω1 ∪ Ω2 is a covering by two subcomplexes. Since K2 has nine
maximal simplices (see Figure 4.2) then one of the subcomplexes, say Ω1,
contains at least five of them. Now there are nine horizontal edges, so two
of the maximal simplices in Ω1, say τ1 and τ2, must have one common
horizontal edge. Finally, for each vertex v0 ∈ K, let i0 : K → K be the
map i0(v) = (v0, v). From Proposition 2.7, that Ω1 is a Farber subcomplex
implies that the subcomplex
(i0)
−1(Ω1) = ({v0} ×K) ∩ Ω1 ⊂ K
is categorical in K, in particular it is not K (because K is not strongly
collapsible). That means that Ω1 can not contain three consecutive vertical
edges. Then none of the maximal simplices P,Q,R in Figure 4.2 can be
contained in Ω1. But Ω2 is also a Farber subcomplex, so it can not contain
them as well, because by using the map i1(v) = (v, v0) one proves that Ω2
can not contain three consecutive horizontal edges.
5. Geometric realization
Let |K| be the geometric realization of the simplicial complex K. We can
compute the usual topological complexity TC(|K|) of the topological space
|K| and to compare it with the discrete (simplicial) complexity TC(K) of
the simplicial complex K.
We need a previous result. It is known that |K2| is not homeomorphic to
the topological product |K|×|K|, but they have the same homotopy type, as
proved in Kozlov [9, Prop.15.23]. The proof is based in the so-called “nerve
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Figure 4.2.
theorem”. However we need an explicit formula, to guarantee the following
lemma.
Lemma 5.1. There exists a homotopy equivalence u : |K| × |K| → |K2|
satisfying that the projections p1, p2 : |K| × |K| → |K| and pi1, pi2 : K ΠK →
K verify (up to homotopy) that |pii| ◦ u = pi, for i = 1, 2 (see Figure 5.1).
Proof. There is a homeomorphism |K×K| = |K|× |K| which is induced by
the projections [7, p. 538]. On the other hand, the homotopy equivalence
|K ×K| ' |K ΠK| is the geometric realization of the simplicial map K ×
K → K ΠK induced by the natural inclusion map σ1 × σ2 → σ1 Πσ2 for
each pair of simplices σ1, σ2 ∈ K (see [9, Prop. 15.23] and [7, Prop.4G.2]).

|K| × |K|
pi %%
u // |K2|
v
oo
|pii|

|K|
Figure 5.1.
Theorem 5.2. TC(|K|) ≤ TC(K).
Proof. Let TC(K) ≤ n and let K2 = Ω0 ∪ · · · ∪ Ωn be a Farber covering.
Let Ω one of the Farber subcomplexes Ωj of the covering of K
2, and let
iΩ ⊂ K2 be the inclusion. By construction of the geometric realization we
have that |iΩ| is the inclusion i|Ω| : |Ω| ⊂ |K2|. By hypothesis, the maps
pi1 ◦ iΩ and pi2 ◦ iΩ are in the same contiguity class (Proposition 3.4). By
applying the functor | · | of geometric realization, and taking into account
that contiguous maps induce homotopic continuous maps (see [10]), we have
that |pi1| ◦ i|Ω| = |pi1 ◦ iΩ| is homotopic to |pi2| ◦ i|Ω|.
Consider the closed subspace F = u−1(|Ω|) ⊂ |K| × |K|. Then the map
p1 ◦ iF = |pi1| ◦ u ◦ iF = |pi1| ◦ i|Ω|
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is homotopic to p2◦iF . Consider the closed covering F0∪· · ·∪Fn of |K|×|K|.
This implies TC(|K|) ≤ n. 
Remark 5. Notice that the inequality in the latter Theorem is still true for
all subdivisions of K, because the geometric realizations are homeomorphic,
| sdK| ∼= |K|. It may happen that TC(K) differs from TC(sdK), which
reflects some particular property of the combinatorial structure.
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